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The existence of a translation net of order s and degree r with translation group 
G is equivalent to the existence of r mutually disjoint subgroups of G of order s. In 
this paper we consider p-groups G of odd square order p’” and improve the known 
general upper bound on the number of mutually disjoint subgroups of order p” 
in G provided that G is not elementary abelian. This solves problem 8.2.14 
in (D. Jungnickel, Latin squares, their geometries and their groups. A survey, in 
“Coding Theory and Design Theory II” (D. K. Ray-Chaudhuri, Ed.), pp. 166-225, 
Springer, Berlin/New York, 1990.) We determine all groups of order p4 which are 
translation groups of translation nets with at least three parallel classes for all 
prime numbers p. Furthermore, we construct (p3, pz + 1)-translation ets with non- 
abelian translation group of order p6 for all odd prime numbers p. G 1992 Academic 
Press, Inc. 
1. INTRODUCTION 
A Bruck-net of order s and degree r (for short an (s, r)-net) is an 
incidence structure with parallelism satisfying the following axioms: 
(Nl) Any two points are joined by at most one line. 
(N2) Given any point-line-pair (v, I), there is a unique 
line I* with fIlZ* and v~l*. 
(N3) Any two non-parallel lines intersect in a unique 
point. 
(N4) There exist r > 3 parallel classes each consisting of 
s lines. 
By these axioms an (s, r)-net is the same as an affine l-design S,( 1, s, .r2). 
In this paper we examine a special class of (s, r)-nets, namely, the 
translation nets: 
* The results of this paper will form part of the author’s doctoral thesis. He thanks his 
supervisor, Professor Dr. Dieter Jungnickel, for helpful discussions. 
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Schriidinger-Strasse, 6750 Kaiserslautern, Germany. 
207 
OO21-8693/92 $5.00 
Copyright \D 1992 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
208 DLRKHACHENBERGER 
1.1. DEFINITION. A translation net of order s and degree Y is a pair 
(N, G), where N is an (s, r)-net and G < Am(N) is an automorphism group 
of N acting regularly on the set of points of N and fixing each parallel class 
of N. G is called a translation group of N. 
We remark that a translation net is considered as a pair (N, G) as it 
is possible for a net to be a translation net with respect to even 
non-isomorphic translation groups. We refer the reader to [ll], where 
examples of this situation are given. 
Proposition (1.3) as well goes back to [ll]. It reduces the problem of 
finding translation nets to a combinatorial problem in group theory. We 
need a further definition first. 
1.2. DEFINITION. Let G be a group of order s2 and assume that there 
exists a set 2 = (Hi, . . . . H,} of Y 3 3 subgroups of G satisfying 
(i) lHil = s for all i = 1, . . . . r and 
(ii) Hi Hi = G for all i # j. 
(Because of (i), (ii) is equivalent to Hi n Hi = 1 for all i # j). ZJ? is called a 
partial congruence partition with parameters and r (for short (s, r)-PCP). 
The elements of Y? are called components. 
1.3. PROPOSITION. Let If be an (s, r)-PCP in a group G of order s2, then 
the incidence structure 
N(Z)=(G, (H,g:i=l,..., r;gEG),E) 
is an (s, r)-translation net with translation group G. Conversely, every 
translation net can be represented in this way. 
We only use the group theoretic notion of translation nets in this paper. 
We omit a proof of (1.3). The interested reader is referred to [S, 111. 
In the following section we summarize some results on translation nets 
and introduce some further notations. After proving some “factorization 
theorems” in Section 3 we are able to determine all groups of order p4 (p 
a prime number) which admit a (p’, r)-PCP satisfying r 2 3 in Section 4. 
Because of (1.3) this characterizes the groups of order p4 which are transla- 
tion groups for translation nets of order p2 and degree r 2 3. In Section 5 
we generalize a theorem of D. Frohardt [4]. We improve the known 
general upper bound for the number r of parallel classes in a translation 
net (N, G), where G is a p-group of odd order p’“. We conclude with a 
construction of (p’, p2 + l)-PCPs in a nonabelian group of order p6 for 
every odd prime number p in Section 6. 
TRANSLATION NETS 209 
2. EXISTENCE RESULTS FOR TRANSLATION NETS, A SURVEY 
We assume that G is a group of order sz and 2 = {H,, . . . . H,) is an 
(s, r)-PCP in G. By Definition (1.2) one obtains r(s - 1) $ s* - 1 and there- 
fore the number r of parallel classes in a translation net does not exceed 
s + 1. We mention that this bound is sharp precisely for elementary abelian 
groups (see e.g. [lo]). 
The following notation is the same as in [lo]: 
T(G) := max(r bs + 1: there exists an (s, r)-PCP in G}, 
T(s) := max(T(G): G a group of order s’>~ 
(2.1) 
(2.2) 
The following theorem shows that the structure of G is very restricted, if 
some components in G are normal subgroups of G. As we need this result 
several times we include a short proof. 
2.3. THEOREM (A. P. Sprague [ 111). (i) If H, is a normal subgroup of 
G then H2zHH,r .‘. gHH,. 
(ii) If H, and Hz are normal subgroups of G then G z H, x H, and all 
components are isomorphic. 
(iii) If 2 contains three normal components, then G is abelian. 
Proof Let H1 be a component of .X. By definition of an (s, r)-PCP in 
G we can regard each other component H,, . . . . H, as a complete set of right 
coset representatives of H, in G. For i, j E (2, . . . . r) and i #j we consider 
the mapping 
I-i,j: Hi+ Hi, 12 + Iyj(h), 
where ri, ,(h) is uniquely determined by H, h = H,T, j(h j. Now it is not 
difficult to show, that all mappings f i, j are isomorphisms provided that H, 
is a normal subgroup of G. This proves part (i). 
Part (ii) is a direct consequence of part (i). 
Assume that we have three normal components H,, H,, and H, in X, 
then H, centralizes H, and H, and therefore H, centralizes G = H,H,. 
This implies that H, is a subgroup of the center Z(G) of G. The same 
argument shows that H2 as well lies in Z(G) so that we obtain 
G = H, H2 < Z(G) and therefore G is abelian. i 
We remark that the corresponding translation nets of partial congruence 
partitions containing one normal component are called semi-splitting 
translation nets in [6, Section 41. There these objects are studied under a 
more geometric point of view and in relation to difference matrices. Struc- 
481/152:1-15 
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tures of type (2.3)(ii) are called splitting translation nets by R. A. Bailey 
and D. Jungnickel in [2]. 
The following basic lemma is very useful in dealing with PCPs (see as 
well [4,9, 111). As we make use of it several times we again include a 
proof. 
2.4. LEMMA. (i) Let G be a finite group and let H and K be subgroups 
of G with HK= G. Then IHn K/ = (H”n KY1 for all x, y in G. 
(ii) If {H,, . . . . H,} is an (s, r)-PCP in G, then the same is valid for 
{ HfL, . . . . HF} where g,, . . . . g, are arbitrarily chosen in G. Furthermore, if 
HG= {hg: IzEH, geG), then C;=, (IHGI -l)< IG( - 1. 
Prooj: (i) It s&ices to consider the case where y = 1. By assumption 
we find elements h and k in H and K respectively satisfying x = hk. Then 
we obtain IH”n KI = IHhkn KI = IHLn KI = I(Hn K)kl = IHn KI. 
(ii) is a direct consequence of (i). 1 
Applying this lemma one can prove that an (s, r)-PCP in a group 
G of order s2 induces a (p”, r)-PCP in each p-Sylow subgroup P of G 
(1 PJ = p2’*). This was mentioned in [4] but follows also as a corollary of 
[9, Lemma 2.31. We include again a proof as this is the main reason for 
studying p-groups in this paper. 
2.5. THEOREM. Let G be a group of order s2, py ’ . . ’ . p2 the canonical 
prime power factorization of s and let Pi be a pi-Sylow subgroup of G for 
i=l , . . . . k. Then 
(i) T(G) d min(T(P,): i= 1, . . . . k} and 
(ii) T(G)<min{pF+ 1: i= 1, . . . . k]. 
ProoJ: Let p be a prime divisor of s and P a p-Sylow subgroup of G. 
Let IPI = p2n, then by assumption the p-Sylow subgroup of each compo- 
nent has order p”. Let Y? be an (s, r)-PCP in G and H be any component 
of 2. By Sylow’s theorem we can find an element g in G such that Hg n P 
is a p-Sylow subgroup of Hg. As the PCP-properties in (1.2) remain valid 
in going over to conjugate subgroups (see (2.4)), % induces a (p”, r)-PCP 
in P. This proves (2.5)(i). (2.5)(ii) holds since T(P)<p”+ 1 if P is a 
p-group of order p2”. 1 
We remark that equality can be realized in (2.5)(i) if G is a nilpotent 
group (see for example [2], where T(G) is determined for all finite abelian 
groups), but there are also other examples (see [S, 91). In general, equality 
does not hold in (2.5)(i) (we refer the reader to [lo], where examples of 
this situation are given). One has equality in (2.5)(ii) if G is abelian and 
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every p-Sylow subgroup of G is elementary abelian, but there are as well 
other examples. Under the assumptions of (2.5) we have therefore 
T(s)=min(pF+ 1: i= 1, . . ..k). 
Theorem (2.5) is the motivation for us to study PCPs in p-groups. Next 
we summarize what is known about T(G), if G is a finite p-group of order 
p’” which is not elementary abelian (note that we have T(G) = p” + 1 in the 
elementary abelian case). 
2.6. THEOREM (D. Jungnickel [S] ). T(G) < p” ~ ’ -I- . . . + p + 1. 
2.7. THEOREM (D. Frohardt [4]). Ifp = 2 and n B 4, then T(G) < 2”-I. 
In Section 5 we prove 
2.8. THEOREM. If p is odd and n 3 4, then T(G) < p”- ‘. 
In [3] J. Dillon proved the following theorem: 
Given a group G of order 4k2 and a (2k, k)-PCP 2 in G, then 
D :=UHEX H - { 1 } is a (4k2, 2k’ - k, k2 - k)-Hadamard difference set. 
He posed the problem of classifying all such groups G. This was 
D. Frohardt’s reason for studying PCPs in 2-groups in [4]. We return to 
this situation in Section 5 where we cite the main result of [4], deal with 
the case where p is an odd prime number, and give a proof of (2.8). 
We mention once more that we investigate groups of order p4, which 
covers the case FZ = 2. The existence of a maximal (8,4)-PCP in a non- 
abelian group of order 64 (the case p = 2 and 12 = 3) was proved by A. P. 
Sprague in [ll]. This result was later rediscovered by D. Gluck in [S]. In 
Sections 5 and 6 we investigate the case where p is odd and n = 3 and show 
among other things the existence of a (p3, p2 + l)-PCP in a particular 
nonabelian group of order p6 for all odd prime numbers p. 
Suppose we have an (s, r)-PCP X in G and N is a normal subgroup of 
G. If we look at ;X,, := {HIV/N: HE &) then we obtain a set of subgroups 
of the factor group G/N which satisfies KL = G/N for all different K, L in 
Z&. Of course K and L may have nontrivial intersection so that Y&, is not 
necessarily a PCP in G/N. D. Jungnickel proved his bound (2.6) by study- 
ing this more general situation and actually obtained stronger results. We 
cite without proof the following: 
2.9. DEFINITION AND PROPOSITION. Let p be a prime number and G be a 
group of order pm (m > 2) and let SF = {H, , . . . . H,, > be a set of proper sub- 
groups qf G satisfying w > 2 and HiHj = G whenever i # j. Then SF is called 
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a generalized partial congruence partition with parameter a = max(i: there 
exists an element H in 2 with 1 HI = pi} (for short GPCP(a)). 
Then the following holds: 
(i) w<p”+ ... +p+l and 
(ii) w<pa-‘+ ,.. + p + 1, if G is not elementary abelian. 
We remark that (2.9) is proved only by using basic results about 
p-groups (see e.g. [7, Chap. III] or [12, Chap. IV]). We only apply 
(2.9)(i). 
In Section 3 we study situations where the PCP-property remains valid 
if one proceeds to factor groups so that together with (2.9) we have two 
nice induction arguments. 
3. VARIATIONS OF A FACTORIZATION LEMMA 
Lemma (3.1) is an essential tool for non-existence results on partial con- 
gruence partitions. It says under which conditions a PCP in G induces a 
PCP with the same number of components in a normal subgroup of G and 
the corresponding factor group. 
3.1. FACTORIZATION LEMMA. Let G be a group of order s2, N a normal 
subgroup of G, and Z an (s, r)-PCP in G with r 2 3. Assume the validity of 
N = (H n N)(K n N) for each pair of subgroups H, K 
(H#K) in X. (*I 
Then the following holds: 
(i) The order of N is a square, say JNI = n2; the order of the factor 
group G/N is (s/n)2. 
(ii) {Hn N: HEX} is an (n, r)-PCP in N. 
(iii) {HN/N: HE X} is an (s/n, r)-PCP in GIN. 
ProoJ Let H, K, L be pairwise different components of # and let h, k, 
I denote the intersection numbers 1 H n NI, 1 Kn NI, and 1 L n NI, respec- 
tively. Because of (1.2) (ii) and our assumptions we have 1 NI = hk = kl= hl 
and therefore h = k = 1. This proves (i) and (ii). An elementary calculation 
shows furthermore IHN/Nn KNINI = 1, so that (iii) as well is satisfied. 1 
We now state some very useful applications of (3.1). Our notation is the 
same as in the assumptions of (3.1). 
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3.2. APPLICATION 1. Let N= Z(G) be the center of the group G and 2 
an (s, r)-PCP consisting only of abelian components. Then (*) holds. Further- 
more, if G is a p-group of order p2” and the class of G equals c then 
r < pc”jcl + 1. 
(Here [x] := max{kE N u {0}: k6.x) for any rational number x.) 
Proof Let H and K be elements of ~9 and z an element of Z(G). 
Because of (1.2)(ii) we may write z as the product hk with k in H and k 
in K. Then k= h-‘z centralizes H and K, as both components are assumed 
to be abelian. We therefore have k E K n Z(G). The same argument shows 
that h lies in HnZ(G). This proves Z(G)= (HnZ(G))(KnZ(G)), the 
first assertion. 
Now assume that G is a p-group of order p’“. Let Z, = 1, Z, = Z(G) and 
recursively Zj such that Zi/Zi_ 1 = Z(G/Zj- r) for i 2 1. (Zi)iro is the lower 
central series of G. The class c of G is defined as the number min(k E N: 
Z, = Gj. 
Now define XI:= {HnZ,: HEX}, X2 := {HZ,/Z,nZ,/Z,: HES~S) 
and recursively A$~ +1 := (HZ,/Z,nZ,,,fZ,: HEX} for kdc-1. It is 
not difficult to see that #m are PCPs consisting of r components which are 
all abelian (m = 1, . . . . c). Let ]HZk/Z,nZ,+,/Z,j =pikcL, then Xk+r is a 
(pzk+l, r)-PCP in G/Z,. Furthermore we obtain r<min(pq+ l:j= 1, ..~, c> 
and since n = xi”= 1 zj we have r < pc”‘“7 + 1. 1 
3.3. APPLICATION 2. Let p be a prime divisor of IZ(G)l, N= 
Q,(Z(G))= (xEZ(G): xp = 1) the largest elementary abelian p-subgroup 
of Z(G) and X an (s, r)-PCP consisting of abelian components only. Then 
JY satisfies (*). 
Proof N is an elementary abelian normal subgroup of G. For every z 
in N we have by (3.2) 1= zp = (hk)P = hPkP for some elements h, k in 
H n Z(G) and Kn Z(G) respectively. Because of (1.2)(ii) we conclude 
hP=kP=l as hpP=kPisanelement ofHnK=l. i 
We remark that Q,(Z(G)) # 1 is always valid in a p-group G since 
p-groups have nontrivial centers. We mention that (3.3) as well is used by 
D. Frohardt in [4]. 
Now (3.3) implies the following bound (3.4) which is proved similarly as 
(3.2) by induction. 
3.4. APPLICATION 3. Let G be a group of order p2n, z& a (p”, r)-PCP 
with abelian components. We define the following series of groups: 
G :=G,, Cl :=Q,(Z(G,)), 
Gi+l I= Gi/Ciy and Ci+I :=Qp(Z(Gi)) for i2 1. 
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Let e be (the finite number) min{xE N: G,= C,}, then 
r<p[““‘+ 1. 
The next two applications of (3.1) are as well corollaries of a result on 
splitting translation nets (see [a]). 
3.5. APPLICATION 4. Let G be a group of order s2 and ST an (s, r)-PCP 
in G with two normal components H and K. Let N = G’ be the derived group 
of G, then (*) is satisfied. 
Furthermore ST’ := (H n G’: HE X> is a PCP with two normal 
components in G’ and leads therefore to a splitting translation net with 
translation group G’. 
For s = p” and d := min{ x E N: G(“) = 1 }, where G(“) denotes the xth 
derived subgroup of G, we obtain 
r<p CM4 + 1. 
Proof. By assumption we have G z H x K, so that K < Co(H) = ( g E G: 
gh = hg for every h in H} as well as H < C,(K). By [a, b] we denote as 
usual the commutator a-lb-lab. For gi= hiki (hie H, kiE K, i= 1,2) we 
obtain [g,, gz] = [h,, h,] [k,, k,] E H’K’ which implies G’ = H’K’. As 
H’ n K’ = 1 and H’, K’ are normal subgroups of G’, we have G’ z H’ x K’. 
Observe that for any component L of ~9 - {H, K} (2.3)(ii) yields L’ z H’. 
This implies that (*) again is satisfied. The rest follows by a similar induc- 
tion argument as in (3.2). 1 
3.6. APPLICATION 5. If N= Z(G) and 2 is an (s, r)-PCP in G con- 
taining two normal components, then {Z(H): HE %‘} ‘and { HZ( G)/Z(G): 
HE X} are as well PCPs with two normal components in Z(G) and G/Z(G), 
respectively. Furthermore, tf G is a p-group of order p2” and class c and 2 
is a (p”, r)-PCP in G which contains two normal components then 
r < P[“‘“~ + 1. 
Proof Let H and K be two normal components of %‘. As G z H x K we 
have Z(G) 2 Z(H) x Z(K) and as L is isomorphic to H for all L in ti 
by (2.3) we obtain Z(L) z Z(H) and, after some simple commutator 
calculations, (* ). 
As HZ(G)/Z(G) and KZ(G)/Z(G) are normal components in G/Z(G) we 
may again use the induction method sketched in the proof of (3.2) and 
obtain the desired result. [ 
Before we study a final application of (3.1) we cite some commutator 
formulas and a basic result on p-groups of class at most 2 (see for example 
[l, (8.6) and (23.11)]). 
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3.7. LEMMA. Let G be a group, x, y elements of G and assume that 
z := [x, y] centralizes x and y. Then 
(i) [xm, y”] = zMn for all m, n in Z. 
(ii) (xy)” = xny”z-“(“-lfiz for all n in N u (01. 
If G is a group of class at most 2, then 
(iii) [ab, x] = [a, x][b, x] and [a, xy] = [a, x][a, y]. 
Assume that additionally p is an odd prime number and G is a p-group of 
class at most 2. Then 
(iv) Q,(G)= (xEG: xp = 1) has exponent p. 
3.8. APPLICATION 6. Assume p is odd and let G be a p-group of order pz” 
and class 2 with elementary abelian derived subgroup G’. Let X be any 
(p”, r)-PCP in G. Then (*) holds with N := Qp(G). 
Proof Since the class of G is assumed to be 2 we have G’ d Z(G), in 
particular any commutator centralizes every element of G. For gEQp(G) 
we have g = hk (for suitable h E H, k E K; H, K E 2”) and since 8, (G) has 
exponent p by (3.7)(iv) one obtains 1 = gp = hpkp[k, h]p(p-1)i2 = hPkP. 
We have h pp = kP E H n K= 1 and therefore It, k E 52, (G): which proves 
(3.8). I 
4. TRANSLATION NETS OF ORDER p* AND DEGREE ra3 
In this section we apply the Factorization Lemma to groups of order p4 
where p is as usual a prime number. We are able to characterize all such 
groups which admit a (p’, 3)-PCP. Beside (2.3) and the results of Section 3 
we only use elementary group theoretic results. In particular all basic facts 
about p-groups can be found in [7, 121. 
Observe that all groups of order p* are abelian so that all components 
are either cyclic or elementary abelian. 
If G is abelian then all components are normal in G and (2.3)(ii) asserts 
that G is isomorphic to B,z x Zp2 or (Z,)“. If G is elementary abelian then 
T(G) = p2 + 1, if G = h,? x E,z then T(G) = p + 1 (see [Z, 81). 
We assume now that G is nonabelian, and thus T(G) d p + 1 by (3.2) or 
(2.6). Since the factor group G/Z(G) is not cyclic and Q,(Z(G)) is a 
nontrivial subgroup of G the assumption r 2 3 together with (3.3) and (3.4) 
leads to 
Z(G) = Qp(Z(G)) z 22, x b, E G/Z(G). (4.1) 
We denote by Q(G) the Frattini subgroup of G. Using [7, Chap. III, 3.141 
we have that GP := (xp: x E G > and G’ are subgroups of G(G). As G is a 
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p-group and @(G) is the smallest normal subgroup N of G such that G/N 
is elementary abelian we obtain together with (4.1): 
GP, G’<@(G)<Z(G), in particular G is of class 2. (4.2) 
As the theory is different depending on whether p is odd or even, we deal 
with the odd case first: 
Using (3.8), we look at the cases Q,(G)=Z(G) and Q,(G)=G 
separately. 
4.3. THEOREM. Let G be a nonabelian group of odd order p4. Assume that 
G contains at least three mutually disjoint subgroups of order p2. 
(i) If Q,(G) = Z(G), then G is metacyclic and isomorphic to a semi- 
direct product of Z,2 with Zp?. Moreover, T(G) = p + 1. 
(ii) If Q,(G) = G then G is isomorphic to E(p3) x Z, where 
E(p3)=(a,x,zIaP=xP=zP=1, [a,x]=z, [a,z]=[x,z]=l) is the 
extraspecial group of order p3 and exponent p. Moreover, T(G) = p + 1. 
ProoJ: Part (i). Let M be a maximal subgroup of G. Every maximal 
subgroup of a nilpotent group is normal in G and intersects Z(G) 
nontrivially. 
In our case M is abelian if and only if M contains Z(G): 
If Z(G) < M, then (M/Z(M)I d p, therefore M/Z(M) is cyclic so that 
Z(M) = M which means that M is abelian. On the other side, if M is 
abelian and M intersects Z(G) in a group of order p, then we would find 
a complement N of order p of Mn Z(G) in Z(G) and obtain that G is 
isomorphic to M x N, hence abelian, which contradicts our assumption. 
Since 52, (G) = Z(G), every element x in G - Z(G) has order p2. There- 
fore every maximal subgroup A4 of G contains an element of order p2 and 
has therefore exponent p2. We have to consider the two cases where A4 is 
abelian and nonabelian, respectively: 
If M is nonabelian, then M is of type M(p3) := (x, yIxp2= yp= 1, 
[x, y] =xp). We remark that M(p3) is the extraspecial group of order p3 
and exponent p2 (a p-group is called extraspecial, if @P(G) = Z(G) = G’ and 
Q(G) has order p). Using (4.2) we see that Mn Z(G) = (xJ’) and G is 
isomorphic to Mx (z), where z lies in Z(G) - (x”). But then (xp, y, z) 
is an elementary abelian subgroup of G of order p3, which is a contradic- 
tion to IQ,(G)1 = p2. 
We have proved that every maximal subgroup of G is abelian and 
contains Z(G). As Q(G) is the intersection of all maximal subgroups of G 
we obtain together with (4.2) that Q(G) = Z(G). Furthermore every 
maximal subgroup is of type Z,z x Z,. 
Using Burnside’s basis theorem on p-groups (see e.g., [7, Chap. III, 
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3.151) and observing that @(G)=Z(G)=Q,(G) has order p2 we obtain 
that G is generated by two elements x and y of order p2. Consider the 
subgroups (x) and (y). If GP has order p then any two cyclic subgroups 
of G of order p2 would have nontrivial intersection. As we have only one 
elementary abelian subgroup of order p2 in G (namely Z(G)), G would not 
contain three mutually disjoint subgroups of order p’. Therefore GP = @(G) 
and we may assume that (xp, y*) =GP and that (x) and (y) have 
trivial intersection. 
G’ = ( [x, y] ) has order p and lies in Z(G). We regard Z(G) as a (multi- 
plicatively written) vector space over the finite field GF(p) of order p which 
is generated by xp and yp. Using the commutator calculations of (3.7) one 
has (~$j)p = xip4,jp, so that every element in Z(G) is indeed the pth power 
of an element in G. We may therefore assume without loss of generality 
that xp generates G’. But then (x> is a normal subgroup of G and 
G/(X) = (y(x)) is cyclic of order pz as yp does not lie in (x)~ 
This proves that G is metacyclic and isomorphic to a semidirect product 
of Zp2 with Z,Z. Using the presentation of G one can show that 
{(xY’):~EGF(P)~J {<Y>> 
is a (p’, p + 1 )-PCP in G so that we have the desired result. 
Part (ii). As G is of class 2 we have by (3.7)(iii) and our assumptions 
that G is of exponent p. Let y and z be generators of Z(G) and a an 
element of G - Z(G), then A4 := (a, y, z) is elementary abelian of order p3 
and, as a maximal subgroup, normal in G. 
Every x in G -M induces by conjugation a linear mapping on M, when 
M is regarded as a vector space over the field GF(p). Without loss of 
generality we choose the basis (a, y, z) so that the operation of x on M 
leads to the Jordan canonical form, that means ur = ay, yr = y and zx = z. 
N := (a, x} is a nonabelian subgroup of order p3 and of exponent p 
and therefore isomorphic to E(p3), the extraspecial group of order p3 and 
exponent p (see [7, Chap. III, 12.61). 
As NnZ(G) = (y) we see that G is isomorphic to (a, x) x (z). We 
have now a concrete presentation of G. It remains to construct p + 1 
mutually disjoint subgroups of order p2 in G. 
Define H, := (x, z) and H,,, := (uxm, yz”) for m E GF(p), then 
IF := {H,, H,,, . . . . HP-,] 
is a (p’, p + l)-PCP in G. This can be proved easily by calculating in G 
using our presentation and the commutator formulas of (3.7). 1 
We remark that the two nonabelian groups in (4.3) meet D. Jungnickel’s 
bound (2.6) as well as the bound in (3.2). The metacyclic example in the 
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proof of (4.3)(i) was also given in [S]. It is remarkable that both groups 
have a cyclic derived subgroup of order p which lies in exactly one of the 
components of any given PCP with p + 1 components ince G’ <Z(G) and 
as we obtain an induced PCP in Z(G). The unique component containing 
G’ is a normal subgroup in G so that these groups lead to semi-splitting 
translation nets. As mentioned in Section 2 these types of nets are studied 
in [6]. 
We are now going to discuss the case p = 2. 
4.4. THEOREM. Let G be a nonabelian group of order 16 which contains 
at least three mutually disjoint subgroups of order 4. Then G is isomorphic 
to 04~ Ez, where D, denotes the dihedral group of order 8, or G is 
isomorphic to (x, y: x4 = y4 = 1, [x, y] =x2y2, (~*y~)~ = l), which is a 
semidirect product of H, with Z2 x Z,. 
ProoJ: Let G be a nonabelian group of order 16 satisfying 
Z(G) iz Z, x Z2 z G/Z(G) ( see (4.1)). As G(G)= G* (see [7, Chap. III, 
3.141) and @(G) # 1 we have that the exponent of G is 4 by (4.1) and (4.2). 
As in the proof of (4.3), we have Z(G)= Q(G) if and only if every 
maximal subgroup of G is abelian. 
We assume first that every maximal subgroup M of G is abelian. Then 
by (4.1), G2 = Z(G) is elementary abelian of order 4. There exist elements 
x and y of order 4 in G satisfying Z(G) = (x2, y’ ). Furthermore 
(x)n(y)=l holdssothat (x,y)=G.G’=([x,y])hasorder2and 
is a subgroup of Z(G) so that we have [x, y] E {x2, y2, x’y’}. Using the 
commutator calculations of (3.7) (i) and (ii) one can show that in any case 
x’y’ is not the square of an element in G. 
If there is no element in G - Z(G) of order 2 then we have that all three 
components are cyclic of order 4 (since IHn Z(G)1 = 2 for every compo- 
nent), but then x’y’ would be the square of an element, a contradiction. 
Let therefore a be an element of order 2 in G-Z(G), then 
M = (a, x2, y’ ) is elementary abelian of order 8 and xA4 = yM. Now 
x-ry E M and therefore xy E M. But this means that xy has order 2 and we 
obtain (xY)~ =x2y2[y, X] = 1 by (3.7). Therefore [x, y] =x*JJ~. Now (x), 
(y), { 1, xy, x2y2, x3y3} is a (4,3)-PCP in G and G is isomorphic to the 
second group mentioned in the statement of the theorem (see also [6, 
Example 6.71). 
If G contains a nonabelian maximal subgroup M, then Q(G) has order 
2 and Q(G) = M n Z(G). Furthermore we have that G is isomorphic to 
D, x Zz or Q x Z, (here Q denotes the quaternion group of order 8) 
depending on the type of M. 
As Q x Z, contains 12 elements of order 4 and all elements of order 2 lie 
in the center of this group we see that all components have to be cyclic of 
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order 4, as each component intersects the center in two elements by (3.2). 
But any two cyclic subgroups of order 4 contain Q(G) = G ‘, which is of 
order 2. So Q x Z, contains no (4,3)-PCP. 
With D, x Z, = (a, b, z 1 a4 = b2 = z2 = 1, [a, b] = a’, [a, z] = [b, z] = 1 > 
one sees that {(a), (ab, z), ( a2z, b) ) is a (4, 3)-PCP. This completes the 
proof of (4.4). 1 
We finally collect the results of this section. 
4.5. THEOREM. Let G be a group of order p4 containing at least three 
mutually disjoint subgroups of order p2. Then one has one of the following 
cases: 
(i) T(G) = p2 + 1 and G is elementary abelian. 
(ii) T(G)=p+ 1 and G is isomorphic to Zpz x Zp2, (x, yIxp2= 
yp’= 1, [x, y] = xp) or E(p3) x BP in the odd case and T(G) = 3 and G is 
isomorphic to Z, x h,, (x, y 1 x4 = y4 = 1, Lx, y] = x2y2, (x2.?2)2 = 1 > or 
D, x Z,, when p = 2. 
The results of Sections 3 and 5 imply that the groups in (4.5) (ii) are 
exactly the case where (2.6) is sharp. 
5. A GENERALIZATION OF A THEOREM OF D. FROHARDT 
In [4] D. Frohardt proved the following theorem: 
5.1. THEOREM. Let G be a finite group of order 4k2 and assume k > 4 and 
that G contains a (2k, k)-PCP. Then G is an elementary abelian 2-group. 
By using D. Frohardt’s theorem (2.7) on 2-groups, A. P. Sprague’s and 
D. Gluck’s results on groups of order 36 and 64 (see [ 11 J and [S, 111, 
respectively) and our results of Section 4 we prove 
5.2. THEOREM. Let G be a group of order p’k2 where p is the smallest 
prime divisor of IGI and k > 3. Assume that G contains a (pk, k)-PCP ~9’. 
Then one of the following cases is valid: 
If p = 2 then G is 
(i) ooze of the following four groups of order 36: 
z, x z5, z3 xc,, z:, x &5, 
Z2x(x,y,z~x3=y3=z2=l, [x,z]=x, [y,z]=y, [x,y]=l), 
(ii) an elementary abelian 2-group, 
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(iii) the group (a, b, c, x, y, z) of order 64 where all generators have 
order 2 and all commutators are equal to 1 except [x, y] = a and [x, z] = b. 
If p is odd then G is a p-group of order p2”. Furthermore, 
(iv) if n = 2, then G is one of the groups of order p4 given in 
Theorem (4.5); 
(v) if n > 4, then G is eiementary abelian. 
The only case which is not covered in the statement of (5.2) is when G 
is a group of order p6 and p is odd. Under the assumptions of (5.2) we can 
prove: 
5.3. THEOREM. Let G be a group of order p6, where p is an odd prime 
number. Assume that G is not elementary abelian. 
If G is the special group of exponent p with center of order p3, then 
T(G) d p* + 1. 
In all other cases, one has T(G) < p*. 
Let G be the special group of exponent p with center of order p3. In 
Section 6 we give a construction of a (p’, p2 + l)-PCP in G. We therefore 
obtain T(G) = p2 + 1 for all odd prime numbers p. 
The proofs of (5.2) and (5.3) proceed in several steps. We first show that 
the existence of a large number of mutually disjoint subgroups forces G to 
be a p-group except in the case where IGJ = 36. From now on the assump- 
tions are the same as in (5.2). 
5.4. G is a p-group or IGI = 36. 
ProoJ: Assume k = p’n, where p does not divide n. By (2.5), # induces 
a (P’+‘, k)-PCP in any p-Sylow subgroup P of G. Hence we may assume 
that Hn P is a p-Sylow subgroup of H for all components H in Y? and 
obtain 
Therefore n < p + pt. If t > 0 then n = 1 as p is the smallest prime divisor of, 
IGI and p does not divide n by assumption. If t = 0 then n = p + 1 is a 
prime number and therefore p = 2, n = 3 and IGI = 36. 1 
A. P. Sprague determined every (6, 3) translation net in [ 1 l] by presenting 
the corresponding PCPs. The translation group is one of the groups listed 
in (5.2)(i). 
From now on we assume that G is a p-group of order p2” and n > 3, as 
we dealt with the case n = 2 extensively in Section 4. 
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If G is abelian then it must be elementary abelian by (3.3) and (3.4). 
The case where p = 2 and n z 4 is discussed in [4] (see (2.7) and (5.1 ))I 
then G is elementary abelian. 
If n = 3 and p = 2 then G has order 64 and there exist exactly two groups 
which admit an (8,4)-PCP, the elementary abelian group of order 64 or 
the group in (5.2)(iii) which does not contain an (8, 5)-PCP (see [S, 111). 
From now on we assume that p is odd, n > 3, and 2 is a (p”, p”- ‘j- 
PCP in G, where G is nonabelian. Similar as in [4], we study G depending 
on the order w of the elementary abelian subgroup f2 := Q,(Z(G)) of G. 
The Case o 2 p” + ‘. We regard Q as a vector space over the field GF(p) 
and choose any (n + l)-dimensional subspace V of Q. For every component 
H of 2 we have 1 H n VI > p with equality if and only if G = HV. 
Assume that there are at least two components X and Y of 2 
satisfying IXn VI = 1 Yn VI = p with (x) = Xn V and (4’) = Yn V. As 
(x) n (y) = 1 we can extend {x, v} to a basis (x, y, ul, . . . . unplj of Vand 
look at the n-dimensional subspace W= ( XJJ, zll, . . . . u, ~ 1 ) of I’. By con- 
struction Xn W = Y n W = 1 holds so that ( IV, X, Y} is a (p”, 3)-PCP in 
G. As W is a subgroup of Z(G) the components W, X and Y are normal 
in G. Using (2.3) (iii) one obtains that G is abelian, a contradiction. 
J? contains therefore at least p”-’ - 1 components H with IH n VI > p2. 
Since at most one component is a subgroup of V, X leads to a GPCP 
{HV/V: HEY?, IHnV1>p*}inG/Vwithparametera<rz-2andatleast 
P n-1 - 2 components. Now (2.9)(i) implies p”-’ - 2 < pnp2 + . .. + p + 1, 
a contradiction to p # 2. 
Under the assumptions we have proved 
w 9 pll. (5.5) 
Next, we calculate an upper bound for the order of the Frattini subgroup 
Q(G) in G (see also [4, 81). 
I@(G)/ G P”. (5.6) 
PrmJ Each component of 2 lies in at least one maximal subgroup of 
G so that G/@(G) contains at least p”- ’ maximal subgroups. As G/@(G) is 
elementary abelian, this leads (because of duality) to at least p”- ’ one= 
dimensional subspaces in G/@(G). Therefore IG/@(G)I 2 (p - 1) p”- ’ + 1. 
As the order of IG/@(G)I is a power of p, we have the desired result. 1 
The Case w < pnM2. Similar to [4] we study the set J&’ := (HE 2: 
H n Q = 1 }. Let a := /&I. The number t of components which intersect 
52 nontrivially is bounded by (w - 1 )/(p - 1) so that we have 
aap”-’ -(p”-‘- l)/(p- 1). 
Because of (3.3) and (3.1) there exist at least a - 1 nonabelian com- 
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ponents in d so that we have at least a - 1 components H in JX? satisfying 
@(H) # 1 and therefore Hn Q(G) # 1. Let H be a nonabelian element of 
&‘. By definition of J#‘, H contains no nontrivial normal subgroup of G as 
otherwise H would intersect Z(G) and therefore Q nontrivially. We 
calculate a lower bound for 
The only difficult situation is when Hn @(G) has order p. Let therefore 
(x) = H n Q(G) be a subgroup of order p. Of course r > p holds since (x) 
is not normal in G. Assume first xi~xG for all i= 1, . . . . p - 1, then 
r = lxGl >p2. Otherwise, xi does not lie in the orbit of x for all 
i = 1, . . . . p - 1 and thus r 2 (p - 1) p + 1. (Observe that x does not lie in the 
center of G !) In any case we can assume that z 3 p2 - p + 1. Since 
HG n KG = 1 for different components H and K in YP (see (2.4)), we have 
that @(G) contains at least (a- l)(t- l)+ 1 elements. Using the lower 
bounds of a and r given above, after some calculations one obtains a 
contradiction to (5.6). 
We have proved 
We now show 
03p”-1. (5.7) 
w#p”-1. (5.8) 
ProoJ: Assume w = p” - I. As pm-‘(p - 1) + 1 > m there exists a compo- 
nent H of X which intersects 0 trivially. Hi2 is a maximal subgroup of G, 
hence normal in G. Because Hi2 is isomorphic to H x Q we have 
@(HQ) = Q(H). Q(H) is a characteristic subgroup of HQ and therefore a 
normal subgroup of G. The assumption Q n H = 1 yields @(H) = 1 and 
therefore H is elementary abelian. 
The number of components which intersect Q nontrivially does not 
exceed (p”-’ - l)/(p - 1). Therefore the number r of (elementary) abelian 
components in 2 satisfies rap”-’ - (p”-’ - l)/(p - 1). But (3.4) yields 
r<p (n ~ l)‘* + 1. We have the desired contradiction, 1 
The Case co = p”. Similarly to the preceding step we see that the exist- 
ence of a component H satisfying H n Q = 1 would imply that G = Hi2 is 
elementary abelian. Thus H n 52 # 1 for all HE # and G/Q, contains at 
least p”-’ maximal subgroups, namely {HQ/Q: HE Z}. Now the same 
argument as in the proof of (5.6) shows that G/Q is elementary abelian. 
Therefore we obtain G’ d @(G) < 52 which yields that G is of class 2. 
From now on, without explicitly stating it, we make use of the 
commutator formulas in (3.7). 
Next, we prove that the center of G is equal to 52 and is therefore 
elementary abelian. Assume that IZ(G)l > pn+l and choose any subgroup 
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Z of Z(G) of order pn+r. Each component H of I? satisfying HZ = G is a 
normal subgroup of G so that (,2.3)(m) implies that b := 1 (HE If: 
HZ = G}) < 2. Therefore at least p”-’ - 2 components K of 3 have at 
least p2 elements in common with Z. These components lead to a GPCP 
{ KZ/Z: K E S, 1 K n Z\ > p’ } with parameter a < n - 2. As a consequence 
of (2.9)(i) we have the contradiction p”- ’ - 2 d p”-* + . . . + p + 1. 
An application of (3.7)(iii) and (3.8) shows now that G is of exponent p. 
Because of (3.3) 2 contains at least p”-I- pCni2] - 1 nonabelian com- 
ponents. We denote this set by k?. By definition every element H of &! 
satisfies H’#l.As H’<G’wemaycalculatenow IG’l>(&‘l(p-l)+l> 
+I and therefore IG’l3p”. By (5.6) and G’$ @(G) we have 
&=cD(G)=z(G). 
In particular: G is a special group of order p’” with exponent p and 
IZ(G)l= P”. 
Every subgroup U of G of order p” intersects @(G) nontrivially, as 
otherwise U@(G) = G and therefore G = U, a consequence of the definition 
of the Frattini subgroup. We will now determine an upper bound for the 
maximal number of components in 2 which intersect he center of G in a 
one-dimensional subspace. 
Let H be a component in I? satisfying I H n Z(G)\ = p, for example 
Hn Z(G) = (15). We will see that the structure of G is very restricted: 
Assume that H is abelian, then H is elementary abelian and we can 
choose h, , . . . . h, ~ r in H such that (h, , . . . . h,- r, It j is a basis of H. HZ(G) 
is elementary abelian of order p*“- ‘. For every x in G-HZ(G) one 
obtains G’ = Z(G) = ([x, h,], . . . . [x, h,,- r]) and therefore dim G’ <M - 1 
which contradicts G’ = Z(G). 
This yields that H is nonabelian and 1 # Q(H) = H’ < Hn Z(G) = (h). 
By Burnside’s basis theorem we can find aI, . . . . a,- I in H such that 
<a 1, . . . . LI,-~)=H and [a,,a,]=h. Let Z, be a complement of (A) in 
Z(G). HZ(G) is isomorphic to H x Z, and since Z, is elementary abeiian 
of order p”- ’ one has @(HZ(G)) = @(HZ,) = O(H). For every b in 
G-HZ(G) we have furthermore G’ = ([b, a,], . . . . [b, a,- 1], [a,, a,]) 
since (HZ(G))‘= H’= ([a,, az]). 
C,(b), the centralizer of b in G, is equal to (b, Z(G)) and is an elemen- 
tary abelian group of order p”+ I. Let K be a further component of S@ 
satisfying 1 K n Z( G)I = p and without loss of generality. Let b E K (observe 
that there exists an element b in K which does not lie in HZ(G), 
since otherwise H and K are subgroups of the proper subgroup HZ(G) 
of G which contradicts HK= G). If we denote by z a generator 
of B(K)= KnZ(G), we obtain C,(b)n K= (b, z}. By Burnside’s basis 
theorem every minimal set of generators of K contains n - 1 elements. We 
can furthermore assume that b is one of the generators. Let K be generated 
by b, ~1, ,~., yniz where [b, yl] =z. 
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If n > 4, the generator yz exists and is an element of K- (b, yi). 
Therefore y2 does not centralize b. Since K’ = (z) we may assume that 
[b, y2] =z and obtain [b, yIy;l] = [b, y,][b, y,] -‘= 1 (see (3.7)). 
Therefore y1 y;l ECG(b)nK=(b,z) and one has y?~(b,z, yl)= 
(b, yl), a contradiction to the fact that y2 together with b and yi belongs 
to a minimal set of generators of K. 
We conclude that for n 2 4 there is at most one component H satisfying 
1 Hn Z(G)1 = p and therefore at least pnP ’ - 1 components L satisfying 
ILn Z(G)1 >p2. We obtain that Z(G) contains at least p + (p”-l- 1) 
( p2 - 1) > p” elements, a contradiction, which completes the proof of (5.2). 
To finish the proof of (5.3) it remains to check that T(G) < p2 + 1, when 
G is special of order p6 with exponent p and has a center of order p3. 
In determining lHGl for each subgroup H of G satisfying 1 Hn Z(G)J = p 
we prove that the maximum number of components in a PCP in G does 
not exceed p2 + 1. 
Observe that G is isomorphic to 
(a, 6, c, x, y, z 1 all generators have order p; [a, b] =x, 
[a, c] = y, [b, c] = z; all further commutators are equal to 1). 
As G is of class 2 one can use (3.7) and the presentation of G to show 
that 1 gGl = 1G : C,(g)/ = p2 holds if and only if g does not lie in Z(G). 
Furthermore xG # yG if and only if H n Z(G) x # H n Z(G) y for x, y in H. 
This leads to 
IHGI=(HnZ(G)(+((H/HnZ(G)I-1).p2=p4-p2+p, 
if (HnZ(G)( =p. Now (2.4) yields I{HEX: IHnZ(G)I =p)l <p2. 
As at most one component intersects Z(G) in a 2-dimensional subspace 
we obtain 1x1 < p2 + 1. 
This completes the proof of (5.3). 1 
In the next section we show that for all odd prime numbers p there exists 
indeed a (p3, p2 + l)-PCP in the special group of order p6 with exponent 
p and center of order p3. 
We conclude this section summarizing our results in slightly different 
terminology to show that the bound in [9, Theorem 3.51 can be improved. 
5.9. COROLLARY. Let s be a positive integer with smallest prime divisor 
p. Then T(s) 2 s/p if and only ifs = 6 or s is a prime power. 
5.10. COROLLARY. Let G be a group of order s2 and p be the smallest 
prime dividing s. If T(G) 2 s/p + 2 then G is elementary abelian. 
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5.11. COROLLARY. Let p be a prime number and 
T*(p”) := max(T(G): G a group of order pzn, G not 
elementary abelian > .
(i) T*(p’)=p+l, 
(ii) T*(p3) < pz + 1, ifp is odd. 
(iii) T*(64) = 4. 
(iv) T*(p”) < p”-’ for n 2 4. 
As a consequence of Theorem (6.4) below we see that T*(p3) = p2 + 1 for 
all odd prime numbers p. 
6. (p3,p2 +l)-TRANSLATION NETS WITH 
NONABELIAN TRANSLATION GROUPS 
In this section we examine the group 
(a, b, c, x, y, z 1 all generators have order p; [a, b] = x, 
[a, c] = y, [b, c] = z; all further commutators are equal to 1) 
more carefully. 
As in Section 5, p is an odd prime number. G is the special group of 
order p6 with exponent p and a center of order p3. We have proved that 
T(G) < p2 + 1. In this section, we show that this bound is indeed sharp for 
all odd prime numbers p. Note that G is of class 2. Beside the commutator 
formulas in (3.7) we need the following lemma: 
6.1. LEMMA. Every element g in G can uniquely be written as 
g = aC(bBCY.~~yq$', 
where c(, /?, y, c, q, [ are elements of the finite field GF(p) of order p. 
Prooj Assume a b c x y al PI 1’1 51 VIzil = aWb&%CY2Xky~‘Zb. By (3.7) and the 
presentation of G we obtain 
If a1 # CI~ then a lies in (b, c,@(G)) and therefore we obtain G = 
(6, c, Q(G)) = (6, c), a contradiction. If /I1 #j& then b E U := (c, x, y, z). 
481,M?/l-16 
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But U is elementary abelian of order p4 which contradicts [b, c] = z # 1. As 
c is not an element of Z(G) we obtain yr = 11~ and as (x, y, z) is a basis of 
Z(G) we obtain as well 5, = t2, y~r = qz and cl = c2. 1 
Let A, CE GF(p)* and BE GF(p). For all i, j in Gl;(p) we define 
H,(A, B, C) := (ac--jzAi+@, bc’y”, xy’zj). 
An easy commutator calculation (see (3.7)(iii)) shows 
rat -i,Ai+ W, bci17c’] = xyizj. 
Furthermore H,(A, B, C) is isomorphic to the extraspecial group E(p3) of 
order p3 and exponent p. Similar to the proof of (6.1) one can show that 
each element g of H,(A, B, C) can uniquely be written as 
g = (aC-jzAi+ B’ 1)” (bc5cj)b (xy’z.i)Y 
with CI, B, and y E GF(p). 
If we write g E H, (A B, C) in “standard” presentation of G we obtain 
g=a”bficib-‘xJ ,a y j(~)+Cj~+iyZ-i(~)+Aia+Bja+jy+jcr~~ 
(1) 
6.2. PROPOSITION. For every odd prime number p there exist 
A, CEGF(~)* and BeGF(p) such that {H,(A, B, C): i,jEGF(p)} is a 
(p’, p2)-PCP in G. 
ProoJ Let i, j, k, and I be elements of GF(p) and assume that 
(i, j) # (k, I). Let g be an element of H,(A, B, C) n Hkl(A, B, C). Then 
there exist elements ~1, j?, 7, 1, p, t in GF(p) such that 
ay#JciD-j* Y ,j(;)+Ci8+iYz-~({) XJ +Aiu+Bja+jy+ja~ 
=a”b”ck”~~” ‘T /(/l)+CI~+krZ-k(;)+Aki+BI~+Ir+f~p XY 2 (2) 
By using (6.1) we obtain the following system of equations: 
LX=2 (3) 
B=P (4) 
ifi-ju=kp-1L (5) 
y=T (6) 
. a +Cjb+iy=l 0 
A 
J 2 0 2 +CIp+kt (7) 
-i +Aicr+Bjol+jy+jc$= -k +Akl+BlA+lz+l&f (8) 
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By using (3 j, (4), and (6) we obtain 
(i-k)[Ao-(#(Z-j) [y+Bcl+cr~l 
from (5), (7), and (8). 
(11) 
Now define s:=i-k and t :=j-I. 
If s = 0, then t # 0 because of the assumption (i, j) # (k, I) and therefore 
we obtain tl= 0, /I = 0, and y = 0 by (9), (lo), (1 l), and the choice of A, B, 
and C. Hence g = 1. Similarly, we obtain g = 1, if I = 0. 
We are now going to study the case where t # 0 and s # 0. Let r := s/t: 
then the equalities (9), (lo), and (11) imply 
a = rb (12) 
Now (12) in (13) yields 
and (12) and (15) in (14) imply 
(14) 
-r[Arb-(:)I= -r~‘(~)-r~1C/?+Br~+rj32. (16) 
After some simplifications, using that r #O, we obtain that (16) is 
equivalent to 
If 
(17) 
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is irreducible in GF(p)[w], we obtain p=O from (17) and therefore 
OI= 0 and y = 0 from (12) and (13), respectively. This shows that 
H,(A, B, C) nHkl(A, B, C)= 1 for (i,j), (k, I) in GF(p)* whenever 
(t j) # (k 0 
If the polynomial fA, k, c is not irreducible, then it has a root in GF(p)*. 
One can find therefore a nontrivial triple (a, p, 7) with arbitrarily chosen p 
in GF(p)* which solves our equalities (3) to (8) where (i- k)/(j-f) is a 
root off,,,,. 
It remains to show that we can find A, C E GE’(p)* and BE GF(p) for a 
given odd prime number p such that J,,B, c is irreducible in GF(p): 
Since the mapping ,u: GF(p) + GF(‘(p), w + co3 - cc) is not bijective, we 
always find an element D(p) in GF(p)* such that gDcP)(o) = o3 - w -D(p) 
is irreducible in GF(p)[w]. If we choose (A, B, C)= (-2-l, -2-l, 
-2-‘D(p)), we obtain that f’,B,c = gDcP) is irreducible. This completes the 
proof of (6.2). 1 
6.3. PROPOSITION. Define H oc, := (c, y, z). Then H, n H,(A, B, C) = 1 
for all (i, j) in GF(p) for all choices of A, B, and C as in (6.2). 
ProoJ: Let (i, ~)EGF(P)~, A, CeGF(p)*, BeGF(p), and gEH,n 
H,(A, B, C). Using (1) we find CI, /?, y, 2, p, T in GF(p) such that 
albPci~-j~~lyj(~)+CjP+i~Z~i(~)+Ai~+81a+j~+j~g 
= cyy. 
Using (6.1) one obtains CI = B = y = 0 and therefore g = 1. i 
A direct consequence of (6.2), (6.3), and (5.3) is 
6.4. THEOREM. Let p be an odd prime number, G the special group of 
order p6, of exponent p and center of order p3. Then there exists a 
(p’, p2 + 1 )-PCP in G. Furthermore T(G) = p2 + 1. 
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